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A NOTE ON TYPE 2 DEGENERATE
MULTI-POLY-BERNOULLI POLYNOMIALS OF THE
SECOND KIND

WASEEM A. KHAN' AND M. KAMARUJJAMA?

ABSTRACT. In this paper, we introduce type 2 degenerate multi-poly-
Bernoulli polynomials of the second kind which are defined by using the
degenerate multi polyexponential function. We investigate some prop-
erties of those numbers and polynomials. Also, we give some identities
and relations for the degenerate multi-poly-Bernoulli polynomials and
numbers of the second.
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1. INTRODUCTION

The polyexponential function, as an inverse to the polylogarithm function
[13] is defined by Kim-Kim to be

(o)

. "
n=1
For k=1, (1.1) gives
Eij(z) =) % =" — 1. (1.2)
n=1

For any nonzero A € R (or C), the degenerate exponential function is

defined by
x - "
e)\(t) = Z(I)n,/\a’ (See’ [37 47 5a 6])7 (13)
n=0 ’

where (z)or =1, (@)pr=z(x —A) - (z— (n—1)A),(n > 1).
Note that

> n
lim €3 (¢) = g "= =",
A—0 )‘( ) n!

n=0

In [1, 2], Carlitz introduced the degenerate Bernoulli polynomials given
by

%ei(t) = t

Ed > ) tm
exlt —— (14 At)> zgﬁn(x,)\,)a. (1.4)

1+ x)x =1
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When z = 0, 8,(A) = 8,(0; A) are called the degenerate Bernoulli num-
bers.

Note that
lim Bn(xv )‘) = Bn<x)
A—0

Kim et al. [17] introduced the modified degenerate polyexponential func-
tion given by

Eig\(z) = Z 7(n(i)711))'\nk " (1.5)
n=1
Note that
. _ — (1)n7>\ n __
Eij\(z) = Z = ex(z) — 1.
n=1 :

The type 2 degenerate poly-Bernoulli polynomials [17] are defined by
means of the following generating function

Ei; (1 1+1t))
k,,\e(AE)f),\E e = ZB k ,(kez). (1.6)

When z = 0, Bﬁlk/)\ = Bgf)\(O) are called the type 2 degenerate poly-
Bernoulli numbers.

In [15], the degenerate Bernoulli polynomials of the second kind are de-
fined by

t
W(l + 1) = me (see [27]). (1.7)

Note that limy_,q by x(z) = bp (), (n >0).

For ki, ks, - - - kr € Z, the multiple polylogarithm [26] is defined by

. x
L1k17k27'” ,kr(aj) = Z T ke ke’ (1.8)
0<ni<na<--<n, Ny g™ Ny
where the sum is over all integers ni,no, - ,n, satisfying 0 < n; < no <

S < Ny

The multi-poly-Bernoulli polynomials of the second kind are defined by

T!Likl ko, k (1 e (k1,k2,
2 T 1+t b1’2’ ,see 10, 11, 26]).
llog(1 + t)]" ZO 1 (see | )

(1.9)
When o = 0, b1k k) — plkik=k) 6y are called the multi-poly-Bernoulli
numbers of the second kind.

The degenerate multi-poly-Bernoulli polynomials given by
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ILi g (1 —e™t "
e e U ;xsﬁfi””’ V) see 28], (1.10)

When z = 0, 5 Uknskzkr) Bff;\’kz’mkr)(()) are called the degenerate multi-
poly-Bernoulli numbers.

For ki, ko, - , k. € Z, the degenerate multiple polyexponential function
is defined by (see [24])

. 1 Ao 1 R )\m"r
Elkl,kz,n-,kr,)\(l') _ ( )7L17 ( )"L )

ng— - (ny — 1)!nlf1 ek

. (1.11)
0<ny<ng<---<n, (

where the sum is over all integers ni, ng, - ,n, satisfying 0 < n; < ng <
< Ny

Kim et al. [24] introduced and studied the degenerate multi-poly-Genocchi
polynomials are defined by

Bk ke ko AA0EAL 1) 0 O (ki kaeky) L
(ex(t) + 1) SIOED I (@) - (1.12)

n=0

When =0, g (kl ha,okr) gfl’f;”““*“"“)(()) are called the degenerate multi-
poly-Genocchi numbers.

The degenerate Stirling numbers of the first kind (see [14]) are defined by
(log/\ (1+1)) ZS“ n, k , (k>0). (1.13)

It is notice that limy_,o S1x(n, k) = 5’1 (n, k), where Sq(n, k) are called the
Stirling numbers of the first kind given by

i (log(l + 1)k Z Si(n, k (k > 0), (see [16-19]).
The degenerate Stirling numbers of the second kind are given by
1 ad tn
H(ek(t) 1)k = Z Sa.a(n, k)m, (k > 0), (see [2-24]). (1.14)
n=~k

It is clear that limy_0S2 x(n, k) = Sa(n, k), where Sa(n, k) are called the
Stirling numbers of the second kind given by

(et — 1)k ZSQ n, k (k > 0), (see [1-30]).

In this paper, we study the type 2 degenerate multi-poly-Bernoulli polyno-
mials of the second kind arising from modified degenerate multi-polyexponential
function, and derive their explicit expressions and some identity involving
them. Also, we derive the some identities and relations for the degenerate
multi-poly-Bernoulli polynomials of the second kind.
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2. TYPE 2 DEGENERATE MULTI-POLY-BERNOULLI POLYNOMIALS OF THE
SECOND KIND

In this section, we define the degenerate multi-poly-Bernoulli polynomi-
als of the second kin and the degenerate multiple polyexponential Bernoulli
polynomials of the second kind, respectively as follows.

For ki, ks, k. € Z, the degenerate multi-poly-Bernoulli polynomials of
the second kind which are degenerate versions of the multi-poly-Bernoulli
polynomials in (1.10) and given by

Ly gy ke (1 —€7%) > (k1.ka,kr), A"
kg sk 1+ =S plkrkeshe) )0 2.1).

When z = 0, b(kl’kQ’ k) = b(kl’kz’ kr)(O) are called the degenerate multi-
poly-Bernoulli numbers of the second kind.

In view of (1.12), and using the degenerate multi polyexponential function,
we define the type 2 degenerate multi-poly-Bernoulli polynomials of the
second kind by

Bk, gy ko 108y (1 +1))
[logy(1+¢)]"

. t"
(1 )t = ZPb (k1 ko i) (2) . (k € Z).

(2.2)
When z = 0, Pb(ki\’kQ""’kT) = Pb(ki’k”"’kr)(()) are called the type 2 de-

n) n?
generate multi-poly-Bernoulli numbers of the second kind.

Note that
. T Eigy ke ko (logy (1 41)) e
1 1,k2, kr, 1 t 1i Pb k; ko, oo Lk
A5 [logy (1 +)]" ( nzo =0 v Tx)n!
T!Eikl ko, k (log(l +t k1,k t"
Ko, Sk 1 t § Pb( 1,k2, .k — (keZ). (2.3
— [log(l 'L’HT + )n' y ( S ) ( )

By (2.2) and (2.3), we get
lim PO (@) = Pofe ) (@), (n > 0),

where Pbgﬁl’k”" ’kr)(m) are called the type 2 multi poly-Bernoulli polynomi-
als of the second kind.

From (2.1), we note that

Zpb(kl st (g B Tk b (1= eft)(l L1y
n! [logy(1 4 t)]"

N
*ZPb(kl Ko, k) ' Z )mm'
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Ny RN T "
=2 ( > ( ) PHIE ><m>m> . (2.4)
n=0 \m=0 ’
Therefore, by equation (2.4), we get the following theorem.

Theorem 2.1. For n > 0, we have

Pbglzfi\,k%.ukr)(m) - Z (m) Pbglkljf)\ ) (@) .

m=0

From (2.1), we have

(k1 k tm 7l . -
ZPb @) = e e s (= DT (23

o

. rl 1 (1_eft)n,, .
RN D =D D U

O<ni<—<np_1 M1 " Tl np=n,._i+1 r
B 7! Z (1 — e t)nr—1 io: (1 —e by (14 1)
[logy (1 +)]" 0<ny < ks n’f‘ . -nfi‘ll el (ny + np_1)kr

t)nr o l

ri(14t)* 1—etyrr1 X (1—e T t
= m Z kv ke—a Z (nr+nr 1)kr Z(*l)l SQ(Z,nr)ﬁ.

O<ni<-<nr—1 "1 M1 po=1 - n=0
To proceed further, we observe that for any integer k, we have

o= S (ST ey, (2.6
m=0

By using equations (2.5) and (2.6), we get

k1 g, " rt (r=DY1+1¢)" (1 — e t)nr—1
Z Pb Tl T loga (T4 1) ([10&(1 + t)]T1> 2 ki gk

0<ni<-<np—1 11 " Ty

o l 00 _— l
X% Z (Z n A (—1)7" So(1,ny) Z <kT er 1>(1)mn;kr—m) %

ny=1 m=0

o~ (b +m—1 " = (k1,k2,kp—1—m) v
] ( " )(_1)”21%].,A (@)
oo I+1 I—n,.—1 —k l
n ! (—1) T Sy (L 1,y )ny =™\
x> (Z I+1 I
T log,(1+1) 1+t !

k 0 =0 ny=1m=0

nr!(—l)l‘"T_lsz(l + 1,TLT) n, —hr—m (K12, kp_1—m) tk
X i1 Pbkjl,/\z ' (1’)@

=r Yy Sy S (e ()

" k=0 I=0 n,=1m=0
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nr!(—l)l*”"*ng(l +1,n)n, "
1+1

X

I+1 oo

k1,ko,-kr_1—m
Pb}(c 11)\2 1— )( )

k
k!

ey s (e () ()

n=0 k=0 [=0 n,=1m=0
n (=) LSy (14 1, ny )y ke
l+1

X

n

—m t
Pb,(fjff" Froa )(x)bn—k,/\ﬁ' (2.7)

Therefore, by equation (2.7), we obtain the following theorem.

Theorem 2.2. For ki, ko, - k. € Z and n > 0, we have
k I+1 oo

At = 3 3 (e (5) (3)

k=0 =0 n,=1m=0

nrl(—l)l*”"*lsg(l +1, nr)n;k"’m
I+1

X

PO T @b n (28)

On replacing k by —k, in (2.8), we obtain the following corollary.

Corollary 2.1. For ki,ks, -k, € Z and n > 0, we have

. n k I+1 oo
P06 =3 5 3 ()
=0 1=0 n,=1m=0
n (=) LSy (14 1, ny)nkr—m
I+1
From (2.1), we have

X

[e.e]

tm r!
Pb(qukm kr) 1 _ Pb(kl,k% k'r) ) I 1 t JZL
7;0 ( A (@+1) A (z) n! [logy(1+ t)]r( Lk b
(L4 )" 3 1 i (L—e )
- : kr— kr
logx(L+0)]" _, =, nftomyry ny

r—1 np=n,_1+1

rIt(1+ )"

"

k
l

)

(+)

L Rl () | Y

(1 _ e—t)nr_l o (1 _ e—t)n,-

" logy(1+ 1) 2

0<ny<-<np_1 r—1 n.=

. nk}r 1 Zl (nr + nrfl)k"

1 _ e—t)nr_1

k

n

rt (r—1I1+10)* >
logy (14 t) \ [logy(1+1t)]" n’fl

0<ny < <np_1

nr=1 m=0

n,

krl

XZ(anl(llnTSQani(k tme ) —1)mn ke );
t
a1

B rt io:(kr-i-m—l)
log/\(l—i—t)m o m

=1 \n,=1

4
I

l
X Z (Z n, (1) Sy (1, ) k= ) =

lifQ,- r—1—1M)
Pb
E (z )j

ke (1—e”

")
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o Fd & ke m—1 k
i
_1 m
a2 (T e ()
k
Xy (—1)7 8y (1, my b Py ke ko T”)(x%
o o k 1 0o
» Ky +m — (&
=r>hap S5 3 S (M ()
p=0 p: k=0 I=1 nr=1m=
k
an!( )l anQ(l nr) —kr— meékllk/\z wkpo1— m)(x%
S (S e () (2)
n=0 k=0 =1 n,=1m=0

—m) t
1y (= 1)1 Sy (1, my Yy R Pt e k-1 COLAY (2.9)

Therefore, by equation (2.9), we obtain the following theorem.

Theorem 2.3. For ki, ks, -k, € Z and n > 0, we have

-
nklookr—i—m—l m(E\[(n
= ZZ Z Z m (=1) 1)\ k
k=0 l=1 nr=1m=0
T T o I (O S W CA 1)

Corollary 2.2. For ki,ky, -k, € Z and n > 0, we have

PO (g 1) — PR (1) = P (),

Using (2.1), we have

2 : (k1,k2, " T!Likl k2 ~~~Jfr(1 e_t) 2+
!)b ) El 5 5 1 t y
™A y) [log (1 +1)]" ( )

71Lig, ko oo k,(l — eft) )
sV2y7 T 1 +t X 1 +t y
oz +t>v 107 1+9)

_ (k1 k2, "
Zan)\ )n] Z(y)mﬁ

n=

2 (Z (m) PO ’W(x)(y)m) L (2.11)

n=0 \m=0

Therefore, by equation (2.11), we get the following theorem.

Theorem 2.4. For ki, ko, -k, € Z and n > 0, we have

LSS ETEDY (m) PHI) () ()

m=0
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From (2.2), we have

o0 .
" PBig, e o (loga(1+1
S ppfuter k) () Tk o (l0gy (1 +1))

nl [logy(1+¢8)]" (L+)
- ZPb(’“ po st $ 0y, I
m=0
= Z <Z ( )Pb&’“fﬁ >(x>m) = (212)
m=0

Therefore, by equatlon (2.12), we get the following theorem.

Theorem 2.5. For ky, ke, -k, € Z and n > 0, we have

k1,ko, kr - k1,k Jkor
P @) = Y (m) PHELE ) (),

m=0

From (2.2), we have

Zpb(zq o f; _ %Eikw,---,km (logy (1 +1))
_ ria+)” >y (Dnyx - (D, 2 (ogy (1 + 1))
logr(L+0)]" | A=, (n =1 (ny — Dlnft - ngr
__ra+)* > (Drgx - W, x (logy (1 +12))"
loga(T+ )"\ A= . (m— Dl (nmg — Dkt - opfrinl n,!
_ ri(1+4t)* Z (Dnian- - Do aS1alm, ny) tm
[logy (1 +t)]" by cnimecmem (1 = DV (g — Dinkt .. _n’;r 11n7lfr 1!

— l (M) Z (1)"1,)\ CC (1)nr,)\51,>\(ma nr) tm

k kr kr—1 g
[logy (1 +1)]" 0<ni<ng<--<ny<m (=1l (1 — 1)!n11 R 11n L
l b(r)( ) ¢ Z (Dngx - (Dn, 2S10(m,105) tm
! k kr kr—1 o
tr — ! 0<ns<na e <ny<m (ng — D! (n, — Dkt on 11 1)
Yws S (D (W Sialmyny)
- LA | k k. Er—1 1!
=0 i 0<ni <ng<--<ny<m (mi =Dl (ny = Dlng* -ony 750 im0
n
DRI LTI
n+r) A
n=0 [= 0 n
(1)n1,>\"'( )nT,ASLA(”+T Ling) "
X > (2.13)
(ng — Dl (ny — Dkt oplr pFr-tnl”
0<n1<na<--<np<n+tr—I 11 : Moy M N7

Therefore, by equation (2.13), we obtain the following theorem.
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Theorem 2.6. For ki, ks, -k, € Z and n > 0, we have

Py kl,kQ,--, % (nJer) b(r)
(2) = > b (@)

+ A
= (")
% Z (Dngx - (Da, 28100 = 1ny)
k k k.
0<ni<nao<--<np<n+r—I[ (nl - 1)' e (nT*1 - 1)!77’11 ceem,t 11n7”r 2

From (2.2), we have

. t" IEi 1 1+1¢
Z Pb klka, kr)(x + ) T k1 ko, K, A ( Og);‘( + )) (1 + t)x+y
2 loga(1+1)]

tm

(k1 ko, kr) A U >
—ZPb N (z )n,Z(y)mm

m=0

—Z Z( )Pbi’“l;’;?;"”“(x)(y)m = (2.14)

Therefore, by equatlon (2.14), we obtain the following theorem.

Theorem 2.7. For ki, ks, -k, € Z and n > 0, we have

R D (:D PO (@) ()i

m=0
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